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We study the asymptotic behavior of the Kobayashi metric near boundary points
of the exponentially-flat infinite type in bounded domains in 2. These depend
upon the tangency of the streams of reference points to the boundary. This is a
generalization of Graham’s theorem on the asymptotic behavior of the
Caratheodory and Kobayashi metrics of bounded strongly pseudoconvex domains´
in  n.  2001 Academic Press
1. INTRODUCTION
The primary goal of this article is an investigation of the boundary
behavior of the KobayashiRoyden metric near the boundary points of
infinite type in bounded domains in 2.
The first result in this line may be the following theorem due to
Graham.
Ž  .THEOREM Graham 10 . Let G be a bounded strongly pseudoconex
n 2 Ž .domain in  with C boundary. Let F z;  be either the Caratheodory or´
the Kobayashi metric on G. Let p G. Let  be a C 2 defining function for
 Ž .G such that   p  1. Thenz
 pŽ .N
lim F z ;  d z , G  .Ž . Ž .
2zp
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Ž .If  p  0, i.e.,  is a holomorphic tangent ector to G at p, thenN
n 2L  ,  1  Ž . , p2lim F z ;  d z ; G   p   .Ž . Ž . Ž .Ž . Ý j k2 2  z  zzp ; z j kj, k1
Here  denotes a cone of arbitrary aperture with ertex at p and axis the
interior normal to G at p, and L is the Lei form with respect to ., p
This work tells us that the Kobayashi metric of a strongly pseudoconvex
domain is asymptotically equivalent to the PoincareBergman metric of´
the ball up to an appropriate normalization. This result was further
     analyzed later by several authors including Aladro 1 , Ma 18 , and Fu 9
Ž    using the scaling method of Pinchuk type Kim 13 , Kim and Yu 15 , Boas
    .et al. 5 , and McNeal 19 , to name only a few which related the boundary
behavior problem to an interior stability problem. However, most results
obtained are for either the strongly pseudoconvex case or the case of finite
Ž    .type boundary points Catlin 6 and Cho 8 .
The class of domains we consider in this paper possesses exponentially-
Ž .flat infinite type boundary points. A boundary point, say 0, 0 , of a
bounded domain G2 is said to be an exponentially-flat boundary point
of G if there is a C function  :  satisfying
Ž . Ž .A  x  0, 	 x 0,
Ž . Ž .B 
 x  0, 	 x 0, and
Ž . Ž . Ž . ŽC for x 0, the function  x 	1log  x defined to be 0
. for x 0 extends to a function that is C smooth at 0, vanishing to a
finite order m at that point,
Ž .such that for some neighborhood U of the origin 0, 0 ,
  2G
U z , z U : Re z   z  0 .Ž . Ž .½ 51 2 1 2
1Ž . Ž .The case of  x  exp 	 , x 0, is the prototype example.
x
This concept, while not equivalent to the concept of the general infinite
type, surely is a typical example of a non-Levi flat infinite type boundary
point at least in the complex dimension two. Near such a boundary point,
almost all boundary points are strongly pseudoconvex, but there are also
infinite type points.
 Ž . 2 Call the C curve q : 0,  G a bounded domain in  , a C stream
Ž . Ž . Ž .approaching p G, if q t satisfies lim q t  0, 0 . In the follow-t 0
ing we state our main results. Terms such as central, intermediate, and
extreme-tangential are used to describe the various tangencies of the
streams; refer to Section 4.3 for precise definitions.
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THEOREM 1. Let G be a bounded domain in 2 with an exponentially-flat
Ž . Ž .boundary point p G. Let F z;  be the Kobayashi metric on G. Let q t
 Ž Ž . . Ž Ž . .be a C stream in G, approaching p. Let d q t , G and d* q t , G be
Ž .the distances from the reference point q t to the boundary G of G and to the
 Ž .  Ž .4boundary of the slice of G, gien by G
 q t  T G , respectiely. WepŽ t .
Ž .may assume that for each t, there is a unique boundary point p t  G
Ž Ž . . Ž Ž . Ž .. Ž . Ž Ž . Ž .. Ž Ž .such that d q t , G  d q t , p t . Let N t 	 q t 	 P t  q t 	
Ž .. Ž . Ž Ž . Ž .. Ž .p t . Let T t  T t , T t be the unit tangent ector to G at p t1 2
Ž . Ž . 2 ² Ž .:with arg T t  arg q t . For  , let    , N t and  2 2 N , pŽ t . T , pŽ t .
² Ž .: ² : 2 , T t where  ,  is the canonical hermitian inner product in  . Let
Ž . Ž .   4 t be the distance from q t to the center line, gien by p sN s ,p
where N is the outward unit normal ector to G at p G.p
Ž .If the stream q t is ‘‘central,’’ then
 N , pŽ t . T , pŽ t .
F q t ;  Zmax , .Ž .Ž . ½ 52 d q t , G d* q t , GŽ . Ž .Ž . Ž .
Ž .If q t is an ‘‘intermediate’’ stream, then
 1 1 N , pŽ t . T , pŽ t .
F q t ;  max ,  .Ž .Ž . ½ 52 d q t , G 1 2 d* q t , GŽ . Ž .Ž . Ž .
Ž Ž . . Ž .where  lim d* q t , G  t .t 0
Ž .Suppose q t is an ‘‘extreme-tangential’’ stream of G.
Ž . Ž . Ž Ž ..3a If d* t   t dierges to infinity, then
 N , pŽ t . T , pŽ t .
F q t ;  max , .Ž .Ž . ½ 52 d q t , G 2 d* q t , GŽ . Ž .Ž . Ž .
Ž . Ž . Ž Ž ..3b If d* t   t conerges to  , 0  , then
 N , pŽ t . T , pŽ t .
F q t ;   F 	1, 0 ; , ,Ž . Ž .Ž . K ž /ž /d q t , G d* q t , GŽ . Ž .Ž . Ž .
where F is the Kobayashi metric for the domainK
2  4u , u  : Re u  A exp  Re u 	 1	  Re u  0 ,Ž . 4Ž .1 2 1 2 2
Ž 2 Ž . 3 Ž . .for some 0   with A 1   2!    3!   .
Ž . Ž . Ž Ž ..3c If d* t   t conerges to 0, then
22
 N , pŽ t . T , pŽ t .
F q t ;    .Ž .Ž . )ž / ž /'2 d q t , GŽ .Ž . 2 d* q t , GŽ .Ž .
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As one would expect from the results preceding this work, the analysis
of limiting behavior depends upon the tangency of the stream of reference
Ž   .points, which appears even in the finite type cases. See 2, 4, 7 .
 Our method resembles the method of 14 in spirit. However, we believe
that the exposition of this article provides a better reorganization through
several technical improvements.
The rest of this paper is organized as follows. In Section 2, we introduce
how the scaling method is exploited in the analysis of the asymptotic
behavior of invariant metrics. Then in Section 3 we present a mild
improvement of Graham’s theorem as well as the subsequent results by
Aladro, Ma, Fu, and others. One of the main reasons for this section is to
demonstrate how our scaling technique works for the asymptotic behavior
problem without going through all the complications involved in the
infinite type boundary cases. Finally, in Section 4, we give the full details of
the proof of main theorem, thus analyzing the behavior of the Kobayashi
metric near the exponentially-flat infinite type boundary point.
The author thanks Laszlo Lempert for his lectures at Scuola Matemat-´ ´
ica Interuniversitaria, Cortona, Italy, in 1999. He also expresses his deep-
est gratitude to his advisor KangTae Kim for invaluable suggestions and
encouragement.
2. ASYMPTOTIC BEHAVIOR OF INVARIANT METRICS
2.1. The Caratheodory and Kobayashi Metrics´
n Ž .For bounded domains G,  in  , let H G,  be the space of
holomorphic mappings from G into .
 DEFINITION 1. The Caratheodory metric 21 on G is the function´
F G : G n, defined byC
n  f
GF z ;   sup df   sup z  .Ž . Ž . Ž .ÝC j zŽ . Ž . Ž . Ž . jfH G , D ; f z 0 fH G , D ; f z 0 j1
  G n The Kobayashi metric 22 on G is the function F : G K
defined by
G F z ;   inf  :  0,  fH D , G with f 0  z , df    . 4Ž . Ž . Ž . Ž .0K
Note that the Caratheodory and the Kobayashi metrics on G are in´
general Finslerian but not Hermitian, i.e., they are norms which do not in
general satisfy the parallelogram law.
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We write some basic properties of the Caratheodory and Kobayashi´
Ž    . Gmetrics see 10 and 16 for the sake of smooth exposition. Let F be
the Caratheodory or Kobayashi metric on a bounded domain G in  n.´
Ž .a Suppose that G is the unit disc in . Then the Caratheodory and´
Kobayashi metrics coincide with the Poincare metric. The Caratheodory´ ´
and Kobayashi metrics of the unit ball B in  n are given by
22  ² : z , 2BF z ,    ,Ž .Ž . 2 22 1	 z  1	 zŽ .
² : nwhere z,  is the canonical hermitian inner product of z and  in  .
Ž .b Let f be a holomorphic mapping from a bounded domain G in
n m Ž . n into another bounded domain G in  . Then, for z,  G ,
G   GF f z ; df   F z ;  .Ž . Ž . Ž .Ž .z
In particular, if f is a biholomorphism, then
G   GF f z ; df   F z ;  .Ž . Ž . Ž .Ž .z
Ž . n mc Let G and G be bounded domains in  and  , respectively.
Then
F GG  z , w ;  ,  max F G z ;  , F G  z ;  . 4Ž . Ž . Ž . Ž .Ž .
2.2. The Logic of the Paper for the Asymptotic Boundary Behaior Problem
Let G be a bounded domain in  n and let p be a boundary point of G.
Ž . Ž .Let q: 0,  G be a stream approaching p in the sense that q t is a
0 Ž . n GŽ Ž . .C curve with lim q t  p. Let  . Let F q t ;  be thet 0
Ž .Caratheodory or Kobayashi metric on G of  at q t . We want to know´
GŽ Ž . .the asymptotic behavior of F q t ;  .
Localization. For each t, choose a suitable neighborhood U of p andt
G
UtŽ Ž . . GŽ Ž . .find out whether F q t ;   F q t ;  , in the sense that
F G
Ut q t ; Ž .Ž .
1 lim  1.Ž . GF q t ; t0 Ž .Ž .
Scaling. For each t, we consider a suitable biholomorphism  and at
ˆgood model domain  so that
ˆŽ . Ž Ž ..a  q t  r for a fixed point r , and0 0
Ž .b for any positive constant  , there is a positive number t such0
that
ˆ ˆ1	    G
U  1   , 0 t t ,Ž . Ž . Ž .Ž . Ž .t t 0
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in the sense that
ˆ ˆ1	  	 r  G
U 	 r 1  	 r ,Ž . Ž . Ž .Ž . Ž .t t
ˆfor some point r.
ˆ Ž  Ž ..Asymptotic Behaior. Suppose that we know F r ; d  . By theqŽ t .0 t
distance-decreasing property of the metric, we have that
ˆG
U t 2 F q t ;   F r ; d  .Ž . Ž . Ž .Ž . Ž .qŽ t .0 t
Ž . Ž .By 1 and 2 , we may conclude that
ˆG  3 F q t ;   F r ; d  ,Ž . Ž . Ž .Ž . Ž .qŽ t .0 t
as desired.
3. STRONGLY PSEUDOCONVEX CASE
 In this section we give an alternative proof of Graham’s theorem 10 ,
 using the scaling technique in several complex variables 3, 13, 18, 20 .
A bounded domain G in  n is said to be strongly pseudoconex with C 2
boundary if there exists a real C 2 strongly plurisubharmonic function ,
defined on a neighborhood U of the boundary G such that
Ž .  Ž . 4a G
U zG :  z  0 ;
Ž .b d 0 in U.
Such a function  is called a defining function of G. Here by strong
plurisubharmonicity we mean that the Lei form L of  at zU is, z
positive definite, i.e.,
n 2 
nL  ,   z    0,   , . . . ,   0 .Ž . Ž . Ž .Ý , z j k 1 n z  zj kj, k1
Ž .Let p be a boundary point of G. The complex tangent space T G ofp
G at p is defined by
n 
 nT G   : p   0 .Ž . Ž .Ýp j½ 5 zjj1
Ž .The notation  p represents the real gradient, defined by
   
 p  p  i p , . . . , p  i p .Ž . Ž . Ž . Ž . Ž .ž / x  y  x  y1 1 n n
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LEMMA 1. Let  and  be defining functions for G. Let p G.
 Ž .  Ž . Ž .Suppose that  p   p . Then, for eery  T G , we haep
that
L  ,   L  ,  .Ž . Ž . , p  , p
Ž . Ž . Ž .Proof. We can write  z  h z  z on a neighborhood of G where
Ž . 1 Ž   .  Ž .h z is a positive-valued C function. See 17, p. 115 . Then  p 
 Ž . Ž . Ž . p implies that h p  1 and, for  T G ,p
n 2 
p  Ž .Ý j k z  zj kj, k1
n 2 h h 
  p p    p  p Ž . Ž . Ž . Ž .Ý j k j kž  z  z  z  zj k j kj, k1
h   2
 p  p   h p p  Ž . Ž . Ž . Ž .k j j k / z  z  z  zk j j k
n 2 
 p   ,Ž .Ý j k z  zj kj, k1
nŽ . Ž . Ž .since  p  0, h p  1, and Ý p   0.j1 j z j
Lemma 1 implies that the positive definite hermitian form L on theG , p
Ž .  Ž .	1complex tangent space T G , defined by L   p L , isp G , p  , p
independent of any defining function  at p G; L is called theG , p
Ž .Lei form of T G at p G.p
 Remark 1. Some authors 1, 10, 18 use the normalization condition
 Ž .  p  1. In such a case, we have thatz
1
L  ,   L  ,  ,  T G ,Ž . Ž . Ž .G , p  , p p2
since
1    ' '  p  p 	 	 1 p , . . . , p 	 	 1 p .Ž . Ž . Ž . Ž . Ž .z ž /2  x  y  x  y1 1 n n
3.1. Localization of the Caratheodory and Kobayashi Metrics´
We recite the following localization result.
  nLEMMA 2 10 . Let G be a bounded strongly pseudoconex domain
with C 2 boundary. Let p G. Let U be a neighborhood of p. Let F G
U,
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F G be either the Caratheodory or the Kobayashi metric of G
U or G,´
respectiely. Then for eery ector  n,
F G
U q ; Ž .
lim  1.GF q ; qp Ž .
3.2. Scaling Method with the Radial Stream
In this section, we demonstrate a construction of a biholomorphic
approximation of a perturbation of the unit ball in  n by a local domain
Ž . Ž .G
 B p; r where p is a boundary point of G and B p; r is the ball
of radius r 0 centered at p. The method is the scaling technique with
Ž .the radial stream q t , approaching the boundary point p, which we
explain in detail in what follows.
Let G be a bounded strongly pseudoconvex domain in  n with C 2
 Ž .boundary. Let  be a defining function of G with  z  1 for
z G.
3.2.1. Composite of Biholomorphic Mappings by Scaling Method. Using
Ž .rotation and unitary transformation, we may assume that p 0,  0 
Ž .1, 0, . . . , 0 , and
n n 2 1  
 z  2 Re 0 z  0 z zŽ . Ž . Ž .Ý Ýj j kž / z 2  z  zj j kj1 j , k1
n 2  2  0 z z  o zŽ . Ž .Ý j k z  zj kj, k1
n 2 
Re z  0 z zŽ .Ý1 j kž / z  zj kj, k1
n 2  2    0 z z  o z  z ,Ž . Ž .Ý j j 1 z  zj jj2
Ž .where z 0, z , . . . , z and where2 n
0, 1, 0, . . . , 0 , . . . , 0, . . . , 0, 1Ž . Ž .
2 nŽŽ .Ž ..are the eigenvectors for   z  z 0 .j k j, k2
Define V :  n n by
n 2 
V z  z  0 z z , z , z , . . . , z .Ž . Ž .Ý1 j k 2 3 nž / z  zj kj, k1
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The inverse function theorem says that V is biholomorphic on a neighbor-
hood of B 0; r for some r 0. The defining function becomesŽ .
n 2  2	1    V w Re w  0 w w  o w  w .Ž . Ž . Ž .Ý1 j j 1w wj jj2
Ž . Ž Ž ..Let q t be the stream in , approaching 0 so that V q t 
Ž .	t, 0, . . . , 0 with 0 t  for some constant  . We may write that
Ž . Ž Ž . .q t  s t , 0, . . . , 0 .
Define L : n n by
L w  w , a w , . . . , a wŽ . Ž .1 2 2 n n
2 Ž Ž ..where a   w w 0 . The map L fixes V q t , and theŽ .'ž /j j j
defining function becomes
	1 	1   2   2     2V  L u Re u  u   u  o u  u .Ž . Ž .1 2 n 1
Let S be a linear map from  n onto  n, defined by
1 1 1
S u  u , u , . . . , u .Ž . 1 2 nž /' 't t t
Ž .Ž Ž .. Ž .L V q t is mapped to 	1, 0, . . . , 0 , and the defining function be-
comes
V 	1 L	1 S	1 Ž .Ž .
  2   2     2 t Re       o t     .Ž .Ž .Ž .1 2 n
Ž .Ž . ŽWe apply the Cayley transformation T on S L V  
Ž ..G
 B 0; r defined by
1 2 21 2 n
T   , , . . . , .Ž . ž /1	 1	 1	1 1 1
Then the reference point becomes
T S L V q t  0, . . . , 0 ,Ž . Ž . Ž .Ž .
and the defining function becomes
V 	1 L	1 S	1T 	1 Ž .Ž .
  2   2   2 	 1  2 n 2    t     o t     .Ž .ž /12 2 2ž /       1   1   11 1 1
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Ž .3.2.2. Biholomorphic Images of a Local Domain. Let G
 B 0; r
where r 0 is chosen so that T S L V is biholomorphic on a
neighborhood of . For x, we have that
2
2 uu1 21 't2 tT S L V z  Ž . Ž . u u1 1
1	 1	
t t
  2   2t u  4 t u1 2 t	 u1
  24 t Re u  uŽ .1 1 ,22  t 	 2 t Re u  uŽ .1 1
Ž . Ž .where u L V z and u 0, u , . . . , u .2 n
Ž .Let  V  V where V  G
 B 0; r and V  B 0; r 
G.Ž .1 2 1 2
For z V , we have that1
2 4 t Re u  uŽ .12
T S L V z 	 1 Ž . Ž . 22  t 	 2 t Re u  uŽ .1 1
  2       34 t C u  C u  u  C uŽ .1 1 22  t  u1
  324 tC u1 22  t  u14Ž .
32 u tŽ .1' 4C t 2 1 u tŽ .1
343' 4C t
4
' C t .
Here, we use the same symbol C to stand for different constants for
convenience. For z V , we have that2
2
T S L V z 	 1Ž . Ž .
  24 t Re u  u 4 tCŽ .1   Ct ,2 22   t 	 2 t Re u  uŽ .1 1
5Ž .
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Ž . Ž .where  is the minimum of u . By 4 and 5 , we have that1
2 'T S L V z 	 1  C t , z  ,Ž . Ž .
for some constant C. This implies that for some positive constants C, r,
and  ,
' '' '6 B 0; 1	 C t  T S L V   B 0; 1 C t ,Ž . Ž . Ž .ž / ž /
where 0 t  . Since G is compact, we can choose the constants C, r,
and  uniformly for every p G.
3.3. Asymptotic Behaior of the Caratheodory and Kobayashi Metrics´
In this section, we present the following version of Graham’s theorem.
THEOREM 2. Let G be a bounded strongly pseudoconex domain in  n
2 Ž .with C as its boundary. Let F z;  be either the Caratheodory or the´
Ž .Kobayashi metric on G. Let p G and q t be a stream in G, approaching
p. For  n, let  and  be the normal and tangential compo-N, pŽ t . T , pŽ t .
 Ž .nents of  with respect to T G , respectiely. Then we hae thatpŽ t .
2  L  , Ž .N , pŽ t . G , pŽ t . T , pŽ t . T , pŽ t .ž /2 d q t , G d q t , GŽ . Ž .Ž . Ž .
lim  1,2t0 F q t ; Ž .Ž .
Ž Ž . . Ž . Ž .where d q t , G is the distance from q t to G and p t is the closest
Ž . Ž .boundary point to q t . In particular, if the stream q t is nontangential to
G, then
2  L  , Ž .N , p G , p T , p T , pž /2 d q t , G d q t , GŽ . Ž .Ž . Ž .
lim  1.2t0 F q t ; Ž .Ž .
Ž .Choose the positive constants C, r, and  so that 6 is satisfied for
Ž Ž . .every boundary point. Lemma 2 implies that we may assume that F q t ; 
Ž .is either the Caratheodory or Kobayashi metric of G
 B p; r .´
Ž .3.3.1. The Radial Stream Case. Let q t be the stream in Section 3.2.
For each t, let  T S L V . Since  is a biholomorphism on , we
have that
  Ž . F q t ;   F  q t ; d  .Ž . Ž . Ž .Ž . Ž .Ž .qŽ t .
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Ž .By 6 , we have that
.''BŽ0 ; 1C t F  q t ; d Ž . Ž .Ž .Ž .qŽ t .
 Ž .  F  q t ; d Ž . Ž .Ž .Ž .qŽ t .7Ž .
.''BŽ0 ; 1	C t  F  q t ; d  .Ž . Ž .Ž .Ž .qŽ t .
Ž Ž ..Note that  q t  0 and
d Ž .qŽ t .
 dTd Sd L dV Ž .qŽ t .
1 0  0
t1 1 0  00  0 12 0 0 0 a 02't0 1 0 . .. ... ...  0 0 0 0 a1 n0 0 1 0 0 't
 12b 2b  2b1 0  0 1 2 n
0 1 0 20 0 0.  ,. .. . .. . . 0  0 0  00 0 1 0 0 0 n
2 2where a    z  z 0 , . . . , a    z  z 0 , and b' 'Ž . Ž .Ž . Ž .2 2 2 n n n j
n Ž 2 .Ž . Ž . Ž .Ý   z  z 0 s , j 1, . . . , n, s t  s , . . . , s . Sok1 j k k 1 n
22n1 1  2d     0  sŽ . Ž .ÝqŽ t . 1 j kž /2 t t  z  zj kj, k1
21
 L 0,  , . . . ,  , 0,  , . . . ,  ,Ž . Ž .Ž .G , 0 2 n 2 nž /'t
Ž .  Ž .Let d d T S L and  d  . We haveV ŽqŽ t ..
 	1 d   ddV d   dV  .Ž . Ž . Ž .qŽ t . qŽ t .
Ž .    Ž . Ž . Since 1	 Ct   dV   1 Ct  for some constant C,qŽ t .
we have that
    1	 Ct   d   1 Ct  ,Ž . Ž . Ž .qŽ t .
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12 2 2'    Ž . ŽŽ . Ž ..where     1 t L 0,  , . . . ,  , 0,  , . . . ,  . We1 G , 0 2 n 2 n2 t
have that
2''B 0 ; 1C tŽ . F  q t ; d Ž . Ž .Ž .Ž .qŽ t .
1 2BŽ0 ; 1.  F  q t ; d Ž . Ž .Ž .Ž .qŽ t .'1 C t8Ž .
22  1	 Ct  L 0,  , . . . ,  , 0,  , . . . , Ž . Ž . Ž .Ž .1 G , 0 2 n 2 n ž /' 2 t t1 C t
and
2''B 0 ; 1	C tŽ . F  q t ; d Ž . Ž .Ž .Ž .qŽ t .
1 2BŽ0 ; 1.  F  q t ; d Ž . Ž .Ž .Ž .qŽ t .'1	 C t9Ž .
22  1 Ct  L 0,  , . . . ,  , 0,  , . . . , Ž . Ž . Ž .Ž .1 G , 0 2 n 2 n  .ž /' 2 t t1	 C t
Ž . Ž . Ž .Therefore, by 7 , 8 , and 9 , we have that
2  L  ; Ž .N , p G , p T , p T , pž /2 d q t , G d q t , GŽ . Ž .Ž . Ž .
10 lim  1,Ž . 2t0 F q t ; Ž .Ž .
tsince lim  1.t 0 d q t , GŽ .Ž .
Ž .3.3.2. General Stream Case. Let q t be an arbitrary stream approach-
Ž . Ž .ing p. Let p t be the closest boundary point to q t . We may assume that
Ž Ž . .t d q t , G . Let C be the unitary map such that
C p t  0 and C q t  	t , 0, . . . , 0 .Ž . Ž . Ž .Ž . Ž .
Ž .Since we may choose the constants C, r,  uniformly in 6 , the identity
Ž .10 follows in this case by the same method as that above. Therefore, we
have that
2  L  , Ž .N , pŽ t . G , pŽ t . T , pŽ t . T , pŽ t .ž /2 d q t , G d q t , GŽ . Ž .Ž . Ž .
lim  1.2t0 F q t ; Ž .Ž .
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4. EXPONENTIALLY FLAT INFINITE-TYPE CASE
In this section we investigate the asymptotic behavior of the Kobayashi
metric of an exponentially-flat domain in 2. They are very complicated
and require care because of the infinite type of the boundary and because
the analysis depends heavily upon the degrees of tangency of the stream
approaching the boundary.
4.1. Localization
 We exploit the following lemma of Royden 22 .
LEMMA 3. Let G and P be bounded domains in  n. For zG
 P
define
 z  inf  G z , w ,Ž . Ž .
wG	P
GŽ .  Ž . Ž . Ž . Ž . 4where  z, w  inf  a, b : fH D, G such that f a  z, f b  w
G
 P Ž . Ž Ž .. GŽ .with the Poincare distance . Then F z;   coth  z  F z;  .´
 For a detailed proof, see Graham 10 .
4.2. The Scaling
4.2.1. Starting Step. Let G2 be a bounded domain such that, for
Ž .some neighborhood U of the origin 0, 0 ,
  2G
U z , z U : Re z   z  0 .Ž . Ž .½ 51 2 1 2
 Ž . Ž .Here we assume that  :  is a C function satisfying A , B , and
Ž . Ž .C in Section 1. In this case we call 0, 0 a boundary point of G of
Ž . Žexponentially-flat type of order m. Let q: 0,  G
U  a small positive
.  Ž . Ž . Ž .number be a C stream approaching 0, 0 so that lim q t  0, 0 .t 0
Ž Ž . Ž ..Let t be fixed, i.e., q t , q t be fixed. For convenience we write1 2
Ž . Ž Ž . Ž ..q , q  q t , q t . By the translation and rotation1 2 1 2
z , z  z 	 Im q , z , z , z  z , exp 	arg q i z ,Ž . Ž . Ž . Ž .Ž .Ž .1 2 1 1 2 1 2 1 2 2
we may assume that q  0 and q  0.1 2
Ž . Ž Ž . Ž ..4.2.2. Centering. Let  ,    t ,  t  G 
 U such that
ŽŽ . . ŽŽ . Ž .. Ž .d q , q , G  d q , q ,  ,  . We may assume that such a  ,  is1 2 1 2
Ž   2 .uniquely chosen. We clearly have  0 and     0. We have
Ž . Ž Ž 2 ..  ,   1, 2  . Let
 *  ,   	2  2 , 1  T  G .Ž . Ž . Ž .Ž .Ž . Ž ,  .
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 Ž . 2 2We set A   ,  . Let C :  be the composite of the transla-
Ž . Ž .tion z , z  z 	  , z 	  , followed by the unitary map sending1 2 1 2
Ž .   Ž . Ž .   Ž . Ž .  ,   A and  *  ,   A onto 1, 0 and 0, 1 , respectively.
Ž Ž .. Ž Ž . . Ž . ŽŽ . .Then we have C q t  	d t , 0 where d t  d q , q , G 1 2
Ž . Ž . Ž . Ž .q , q 	  ,  . The defining function for C  , in C U , becomes1 2
w w1 2	1 2 2C w , w Re 	   	 2 Ž . Ž . Ž .1 2 ž /A A
2w w2 12    2  .Ž .ž /A A
4.2.3. Localization. With Lemma 3 the local domain G
U has the
same asymptotic behavior of the Kobayashi metric as does the domain G.
But this domain G
U is not well-approximated to the desired limit
Ž .domain under the scaling see Section 4.4.1 . So it is necessary to localize
the domain G
U again.
Ž . Ž .Let  t be a subdomain of C G
U , defined by
	1 ' t  w , w C U : C w , w  0, Re w 	 d t .Ž . Ž . Ž . Ž . Ž .Ž .½ 51 2 1 2 1
We can choose a positive number M 0 such that
 G
U w , w : Re w  0, w M . 4Ž .1 2 1 2
Then with the distance-decreasing property of the Kobayashi metric under
Ž .the inclusion map and with Lemma 3, we see that the domain  t has the
same asymptotic behavior of the Kobayashi metric as that for the domain
G
U, and therefore for the domain G.
Ž .4.2.4. Scaling. Let d* d* t  0 be given by
	d , d*  	d t , d* t   .Ž . Ž . Ž .Ž .
Ž . 2 2Here d, d* are the scaling factors. Let S :  be given by
Ž . Ž . Ž Ž .. Ž .S w , w  w d, w d* . Then SC q t  	1, 0 and the defining1 2 1 2
function becomes
u u1 2	1 	1 2 2C  S u , u Re d 	   	 2  d*Ž . Ž . Ž .1 2 ž /A A
2u u2 12  d*   2  d .Ž .ž /A A
Since
2 2 2dA  q  d*A 	   	 2  d*A 0Ž . Ž . Ž .Ž .2
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and
2  2 dA 	 q ,Ž . 2
Ž .we have a normalized defining function for SC  ,
1
	1 	1C  S u , uŽ .Ž . 1 2d
A
Re u1
2d* d*
2 2 u   	 q u 	   	 2  Re uŽ . Ž . Ž .2 2 1 2ž /A A
 2d* d*
2 2 q  	   	 2 Ž . Ž .2ž /ž /A A11Ž .
Re u1
2d* d*
2 2 u   	   	 2  Re u  E u , uŽ .Ž . Ž .2 2 1 2ž /A A
 ,2d* d*
2 2 q  	   	 2 Ž . Ž .2ž /ž /A A
d* d*2 2Ž . Ž  Ž .  . Ž   .where E u , u   u   	 q u 	  u   . Since1 2 2 2 1 2A A
d 2Ž .  d* tE u , u   x  	 q uŽ . Ž .Ž .Ž .1 2 2 1u ž /2dx A
Ž . Ž .and 	 q  o d , we have that2
E u , uŽ .1 2  0, as d 0.d
A
Ž Ž .  2 .We consider the Taylor expansion of  d*A u   about  ,2
2d* d* d*
2 2 u       2  Re u  o u .Ž . Ž .2 2 2ž / ž /ž /A A A
Ž 2 . Ž 2 . ŽŽ . .We note that   and 2  Re d*A u are the constant term2
d* 2Ž   .and the first order coefficient of the Taylor expansion of  u   ,2A
respectively.
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We write
  2Ž .
c  c t  andŽ .1 1 2d* tŽ .
  q2ž /ž /A
d* tŽ .
22 Ž .
Ac  c t  .Ž .2 2 2d* tŽ .
  q2ž /ž /A
Ž .Then 11 becomes
1
	1 	1C  S u , uŽ .Ž . 1 2d
A
2 d*
 u  2ž /1 A Re u  	 c 	 c Re u1 1 2 221	 c 	 c d*1 2
  q2 ž /ž /A
12Ž .
E u , uŽ .1 2 .d
A
4.3. Tangency of the Streams
In the case of an infinite type bounded domain, the asymptotic behavior
of the Kobayashi metric depends upon the tangency of the stream. In this
section we consider all of the possible degrees of the tangency of the
Ž .streams q t .
Ž . Ž .  Ž . Note that   t  q t  q t represents the distance from the2 2
Ž . Ž . Ž . 4reference point q , q to the center line 0, 0  s 0, 0 : s and1 2
Ž .that d* d* t is the distance from the reference point to the boundary
Ž .  Ž .of the slice of G, given by G
 q , q  T G . Therefore the1 2 Ž ,  .
Ž . Ž . Ž .ratio d* t :  t determines the tangency of the stream q t with respect
to the boundary G: we can say that the degree of tangency of the stream
Ž . Ž .increases as d* t  t approaches 0.
Ž . Ž .DEFINITION 2. If d* t  t approaches infinity as t tends to 0, then
Ž . Ž . Ž . Žthe stream q t is said to be central. If d* t  t approaches  0 
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. Ž . Ž . Ž . , then the stream q t is said to be intermediate. And if d* t  t
Ž .approaches 0, then the stream q t is said to be extreme-tangential.
Central streams consist of nontangential streams, finite-type tangential
Žstreams, and exponentially-flat tangential streams of order less than m m
Ž . Ž . .is the vanishing order of  x 	1log  x in Section 1 . Intermediate
streams have the same tangency as the exponentially-flat streams of order
Ž .m to the domain at 0, 0 . The extreme-tangential streams have even more
Ž .tangency to the domain G at 0, 0 .
4.4. Analysis of the Scaling
In this section, we see the asymptotic behavior of the Kobayashi metric
of G. It depends upon the degree of tangency of the streams.
The methods in the proof of the result divide into two cases. For central
and intermediate stream cases the fact that
 rxŽ . , if x 1,lim  ½ 0, if 0 x 1, rr0 Ž .
plays a key role. This condition is a rather general condition for domains
Ž     .with infinite-type boundary. See 11 and 12 . For an extreme-tangential
Ž .stream, the key lies in the analysis of the exponentially-flat equation  x .
Ž .As a result, if the approaching stream q t is central, then the normalized
limit of the asymptotic behavior of the Kobayashi metric of G coincides
Ž .with the Kobayashi metric of the bidisc; if q t has the highest degree of
tangency to the boundary, the normalized limit of the asymptotic behavior
is the same as the Kobayashi metric of the unit ball.
Ž .4.4.1. Central and Intermediate Cases. Suppose that  t 	 0 for all t,
Ž .i.e., the stream q t is normal to the boundary G. In this case we have
Ž . Ž . Ž . ,   0, 0 . And 12 becomes
2d*
 u2ž /1 A	1 	1C  S u , u Re u  .Ž .Ž . 1 2 1 2d d*
A ž /ž /A
This case is a special case of the central streams. So the analysis is similar
to the next case.
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Ž . Ž . Ž . Ž .Suppose  t  0 and that q t is a central stream, i.e., d* t  t
diverges to infinity as t tends to 0. We consider
2d*
2 u  2d* A
  q2 2 2ž /Ad* d* 0 u    q2 2ž /ž /A A
2 2d* d*
  q   q2 2ž / ž /ž / ž /A A
2d* 
2d* Aq q2 2
  q u 2 2ž / d* d*A  1 0Aq Aq 1 12 2
13  .Ž . 2
 d* qŽ .Ž .2
Ž . Ž Ž . Ž .. Ž . Ž .Since d* t  A t  q t diverges to infinity and  t q t converges to2 2
1 as t tends to 0, we have that
2
d* tŽ .
 u  2ž /  A  if u  1,2lim 2 ½  0 if u  1.t0 d* t Ž . 2
  bž /ž /A
Similarly, we have that
2
d* tŽ .
 u  2ž /  A  if u  1,214 lim Ž . ½  0 if u  1.2t0 2d* tŽ .
  b) ž /ž /A
Considering the zeroth- and first-order coefficients of the Taylor expan-
Ž . Ž . Ž .sion of 13 , we know that c t and c t converge to 0 as t tends to 0.1 2
Ž . Ž . Ž .Let  S   V  V  V where V  S G 
 S  , V  S UŽ .1 2 3 1 2
1Ž . 4 Ž .
 S  , and V  u , u  S  : Re u 	 . If u , u Ž . Ž .3 1 2 1 1 2d tŽ .
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'V 
 V , then u 	1 d t andŽ .1 3 1
2 d*
 u  2ž /1 1 A 0	  	 c 	 c Re u1 2 22' 1	 c 	 cd d*1 2
  q2 ž /ž /A
15Ž .
1
E 	 , u2ž /'d
 .d
A
Ž .And 15 becomes
2 d*
 u  2' ž /A A 1 	 C 	 C Re u1 2 2
21	 c 	 c' 1 2 d*
  q ) 2ž /ž /A16Ž .
1
E 	 , u2ž /'d' d  ,d
A
Ž . Ž .where C t and C t are the zeroth- and first-order coefficients of the1 2
Taylor expansion of
2
d* tŽ .
 u   tŽ .2ž /A
.
2d* tŽ .
  q tŽ .) 2ž /ž /A
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Ž . ŽŽ . Ž . . Ž .We consider the map f u , u  1 u  1	 u , u . Then 14 and1 2 1 2
Ž .16 imply that f maps  to a small perturbation of the bidisc DD and
Ž Ž .. Ž . Ž . 2maps SC q t  	1, 0 onto 0, 0 . Therefore, for  ,
 N , pŽ t . T , pŽ t .
F C q t ; dC  max , .Ž . Ž .Ž .Ž . ½ 52 d t d* tŽ . Ž .
Ž . Ž . Ž .Suppose that q t is an intermediate stream, i.e., d* t  t converges
Ž .to  , 0  . In this case, due to a similar reason, we have that c t1
Ž .and c t converge to 0 as t tends to 0.2
We consider the maps
1 u u  1  	 1 2 2
f u , u  , , g  ,    , ,Ž . Ž .1 2 1 2 1ž / ž /1	 u 1 1 1	 1 2
Ž . Ž .where  1  1 1 . Then g f maps the limit domain to the
bidisc. We have that
 1 1 N , pŽ t . T , pŽ t .
dg  df  d S  dC   ,  ,Ž . Ž . ž /2 d t 1 2 d* tŽ . Ž .
whose Kobayashi length is
 1 1 N , pŽ t . T , pŽ t .
max ,  .½ 52 d t 1 2 d* tŽ . Ž .
This completes the proof of the central and intermediate stream cases of
Theorem 1.
Ž .4.4.2. Extreme-Tangential Case. Suppose that q t is an extreme-
Ž . Ž .tangential stream, i.e., d* t  t approaches 0 as t tends to 0.
In order to handle this situation, we recall that
1
 x 	 x 0Ž . Ž .
log  xŽ .Ž .
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where
 x  a x m  a x m1  Ž . m m1
for some integer m 0 and a  0. Thenm
2d*
 u  2ž /A
2d*
  q2ž /A
2 2d* d*
 u     2ž / ž /A A
 2 2d* d*
     q2ž / ž /A A
1 1
 exp 	    1Ž .Ž .2 2d* d* 0
 u     2ž / ž /A A
2 2d* d*
 u   	   2ž / ž /A A
 exp   1 .Ž .Ž .2 2d* d* 0 u     2ž / ž /A A
Since
2 2d* d*
 u   	   2ž / ž /A A
2 mo  d*Ž .
2 mma  1  2 Re u 	 1Ž .m 22 mž / Ama m
2 mo  d*Ž .
2 m a  1  o ,m 2 m ž /ž / Aa m
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we have that
2d*
 u  2ž /A
2d*
  q2ž /A
2 md* o Ž .
2m Re u 	 1 1Ž .2 2 mž /A ma m 
2 mo  d*Ž .
 1  o2 m ž /ž / Aa m  exp 2 ma   1   0Ž . Ž .Ž .m
 
17Ž .
  1 .Ž .Ž .
Ž .Now we analyze the extreme-tangential streams q t , dividing the cases
into more precise subclasses concerning the degrees of tangency of the
streams.
Ž . Ž Ž ..3First, suppose that d* t   t diverges to infinity as t tends to 0.
Then we have that
2
d* tŽ .
 u   tŽ .2ž /A  if Re u  1,2lim 2 ½ 0 if Re u  1.t0 2d* t Ž .
  q tŽ .2ž /ž /A
Considering the zeroth- and first-order coefficients of the Taylor expan-
Ž . Ž . Ž .sion of 17 , we have that c t and c t converge to 0 as t tends to 0.1 2
Ž .Therefore the local domains  t are mapped onto a small perturbation of
Ž .  4 Ž .the limit domain  1 , where   : Re  0 and  1 
 4 : Re  1 . We consider the map
1 u u1 2
f u , u  , .Ž .1 2 ž /1	 u 2	 u1 2
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This maps the limit domain to the bidisc. Then we have that
 N , pŽ t . T , pŽ t .
df  d S  dC   , ,Ž . Ž . ž /2 d t 2 d* tŽ . Ž .
whose Kobayashi length is
 N , pŽ t . T , pŽ t .
max , .½ 52 d t 2 d* tŽ . Ž .
Ž . Ž Ž ..3Suppose that d* t   t converges to  , 0  . Let
2m d* t  q tŽ . Ž .Ž .2
 lim .2 mt0 q t aŽ .Ž .2 m
Ž Ž ..Consider the Taylor expansion of exp  Re u 	 1 about 0, which is2
exp  Re u 	 1  exp 	  exp 	  Re uŽ . Ž . Ž .Ž .2 2
21 
2 2 exp 	 u  u  2u uŽ . Ž .2 2 2 2ž /2 2
  2 exp 	  o  Re u .Ž . Ž .2
It follows that
lim c t  exp 	 and lim c t  exp 	   .Ž . Ž . Ž . Ž .1 2
t0 t0 
Ž .Moreover, the limit expression of 12 becomes
 418  u , u Re u  A exp  Re u 	 1	  Re u ,Ž . Ž .˜ 1 2 1 2 2
Ž . Ž Ž . Ž . . Ž 2 Ž . 3 Ž .where A exp 	  1	 exp 	 	 exp 	   1   2!    3!
. Ž .  . We now see that the tube domains given by  u , u are strongly˜ 1 2
pseudoconvex. Then the desired asymptotic behavior is described by
 N , pŽ t . T , pŽ t .QF 	1, 0 ; , ,Ž . ž /ž /d t d* tŽ . Ž .
where F Q is the Kobayashi metric for the limit domain
Q u , u 2 :  u , uŽ . Ž . ˜1 2 1 2
 4Re u  A exp c Re u 	 1	  Re u  0 ,4Ž .1 2 2
which is a strongly pseudoconvex tube domain in 2.
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Ž . Ž Ž ..3 ŽŽ .Suppose that d* t   t converges to 0. In this case  t converges
Ž .to 0 as t tends to 0. Then, from 18 , we obtain
 4exp  Re u 	 1	  Re u2 2
 u , u Re u Ž .˜ 1 2 1 2 3 
  
2! 3!
212 2 2   u  u  2u u  o  Re uŽ .Ž .2 2 2 2 28Re u  .1 2 3 
  
2! 3!
Ž .So, the limit expression of 12 becomes
1 1 222   u , u Re u  Re u  u Re u  Re u .Ž . Ž .˜ 1 2 1 2 2 1 22 2
1 2 'Ž . Ž Ž ..We consider the map f u , u  u  u , u  2 and the map1 2 1 2 22
1 21 2
g  ,   , .Ž .1 2 ž /1	 1	1 1
Ž Ž ..Then g f maps the limit domain to the ball and maps SC q t to
Ž .0, 0 . Since
 N , pŽ t . T , pŽ t .
dg  df  d S  dC   , ,Ž . Ž . ž /'2 d tŽ . 2 d* tŽ .
the Kobayashi length of this vector is
2 2
 N , pŽ t . T , pŽ t . .) 2 24d t 2 d* tŽ . Ž .
This completes the proof of extreme-tangential case of Theorem 1.
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